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Abstract
Starting with the well-known Nambu–Goto action for an N -extended body system the propagator in the microcanonical ensemble is explicitly
computed. This propagator is independent of the temperature and, in contrast with the previous references, takes account on all the non-local
effects produced by the extended objects (e.g., strings) in interaction. The relation between relativistic quantum field theories in the microcanonical
approach and the pure S-matrix formulation is established and analyzed.
© 2006 Elsevier B.V.
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1. Introduction
Several studies into the behaviour of relativistic quantum field theories at finite temperature have advanced considerably since
the initial papers in 1974 [1–4]. In addition to the imaginary time formulation of Matsubara [4], two more methods are available
for formulating real time perturbation theory with temperature-dependent propagators: the functional integral approach [5], and the
operator approach of [6]. The calculations have all been realized in the canonical ensemble, specified by volume V held in contact
with a heat bath at a fixed temperature T . The partition function and the scalar propagator were defined by [7]
(1)Zβ =
∑
n
exp(−βEn),
(2)ZβDβ(t,x) = −i
∑
n
exp(−βEn)〈n|T
[
ϕ(t,x)ϕ(0,0)
]|n〉,
where |n〉 label a complete set of energy eigenstates and β = 1/T , as usual. Since these propagators have singularities whose
locations depend on the temperature, some inconsistencies appear: when the temperature is non-zero the energy differences that
are independent of T lead to singularities whose locations are, apparently, T -dependent. To solve this puzzle, in [8] it was shown
that the natural context to study the same field theory is in the microcanonical ensemble where the system is completely isolated at
volume V , then the total energy of the system E will remain constant. The microcanonical partition function and propagator were
naturally defined as
(3)Z¯E =
∑
n
δ(En − E),
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E∫
0
dE′ Z¯E−E′D¯E′(t,x) ≡ −i
∑
n
δ(En − E)〈n|T
[
ϕ(t,x)ϕ(0,0)
]|n〉.
The mapping between the ensembles is realized by Laplace transform from E to β . This distribution is more physically compelling
in applying quantum field theory to the early universe or to heavy-ion collisions since the systems are completely isolated and are
not certainly in contact with a heat reservoir.
By the other hand, in Ref. [19] the connection between dual amplitudes (i.e., interacting strings) and thermodynamics properties
of a strongly interacting system was studied in the context of the canonical approach of Ref. [18]. As a result from this study, the
authors of [19] showed that the strong duality is loss in this strongly interacting system: the narrow resonances approximation does
not reproduces the Regge model results.
In the this work, strongly motivated for above arguments, we give the next step in studying relativistic quantum field theories
in the context of the microcanonical formulation: firstly, establish the relation with the S-matrix formulation following a similar
procedure as in Refs. [12,18] in the context of the canonical ensemble; and secondly, compute the microcanonical propagator
for a geometrical non-local and nonlinear action that is the well-known Nambu–Goto action for a system of strings. The plan of
this Letter is as follows. In Section 2, we describe the microcanonical formulation briefly. In Section 3, the relation between the
microcanonical approach in relativistic quantum field theories and the axiomatic S-matrix formulation is established. Finally, in
Section 4, the microcanonical propagator for an N -extended body system described by the Nambu–Goto action is successfully
performed and analyzed.
2. Microcanonical formulation
The true vacuum for a statistical system in thermal equilibrium can be obtained writing the thermal vacuum in terms of the
density matrix ρˆ
(5)∣∣0(β)〉= ρˆ(β,H)|J 〉,
where
(6)ρˆ(β,H) = ρ(β,H)〈J |ρ(β,H)|J 〉 ,
(7)ρ(β,H) = e−βH,
(8)|J 〉 =
[∏
k,m
∑
nk,m
]∏
k,m
|nk,m〉 ⊗ |n˜k,m〉.
The trace of an observable operator is given by
(9)Tr Oˆ = 〈J |Oˆ|J 〉.
For example, the free field propagator can be determined from
(10)Δabβ = −i〈J |T φa(x1)φb(x2)ρˆ|J 〉,
where the superscripts on φ refer to the member of the thermal doublet being considered (for details see Ref. [9])
φa =
(
φ
φ˜†
)
.
As was shown in [9], the Fourier transform of Δ11β (x1, x2), that is the physical component, is equal to
(11)Δβ = 1
k2 − m2 + i − 2πiδ
(
k2 − m2)nβ(m,k),
where in a canonical ensemble; for a thermal system at temperature β−1 the number density is given by nβ(ω) = 1eβω−1 .
If instead of treating the n-body system as objects in thermal equilibrium at fixed temperature T and corresponding vacuum
|βH 〉 we treat the system as having fixed energy E, we can formally define the microcanonical vacuum as [10]:
(12)|E〉 = 1
Ω(E)
E∫
0
Ω(E − E′)L−1
E−E′
[ |βH 〉]dE′,
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(13)Ga1,...,aNE (1,2, . . . ,N) = 〈J |T φa1(1), . . . , φaN (N)|E〉.
The physical component of the propagator in the microcanonical field formulation [9,10] is given by
(14)Δ11E (k) =
1
k2 − m2 + i − 2πiδ
(
k2 − m2)nE(m,k),
where the second term in the above expression corresponds to the statistical (microcanonical) part and
(15)nE(m,k) =
∞∑
l=1
Ω(E − lωk(m))
Ω(E)
θ(E − lωk)
is the microcanonical number density, where l, ωk and θ(E − lωk) are the mode number, the dispersion relation and the step
function, respectively.
3. Axiomatic S-matrix formulation in QFT: microcanonical description
The relation between the S-matrix formulation in QFT and the statistical operator in the canonical ensemble [11,12,18] can be
easily extended to the microcanonical description as follows. The propagator operator (we assume it with its statistical part)
(16)Gˆ(E) = 1
E − Hˆ − i + Gst,
namely, its imaginary part (where Gst is the statistical part of the full propagator) and the S-matrix are related as
(17)ImGˆ(E) = ImGˆ0(E) + 14i Sˆ
−1(E)
←→
∂
∂E
Sˆ(E),
where Sˆ(E) is the scattering operator at the energy E and Gˆ0(E) is the free part of the full propagator (that leads to non-connected
graphs in the cluster expansion). The relation to the physical T (E) matrix is
(18)Sˆ(E) = 1 + iδ(E − Hˆ0)Tˆ (E),
Hˆ0 being the free Hamiltonian. The logarithm of the trace of Z(T ,V ) can be written as [11]
(19)lnZ(T ,V ) = lnZ0(T ,V ) + Tr
∫
e−b¯P d4P
{−1
π
δ3
(
P¯ − ˆ¯P )Im[Gˆ(E) − Gˆ0(E)]
}
connected
,
where the four-vector temperature b¯μ is defined by the identity
(20)b¯μ = 1
T
uμ,
T is the temperature in the rest frame of the box enclosing the thermodynamical system, uμuμ = 1 being its four-velocity. The
index connected means that only the connected part of the full propagator Gˆ(E) must be taken: simply by subtracting to the full
propagator the free part Gˆ0(E) corresponding to an ideal gas configuration.
Recalling that the operation of taking the connected part leaves the operations invariant, we can write
(21)lnZ(T ,V ) = lnZ0(T ,V ) +
∫
e−b¯P d4P ρI
(
P 2,V · P,V2),
(22)Vμ ≡ 2V
(2π)3
uμ (four-vector volume),
where, by analogy with the interaction level density, the function which we call mass spectrum, or cluster level density, is given by
(23)ρI
(
P 2,V · P,V 2)= {−1
π
δ
(
P¯ − ˆ¯P 0
)
Im
[
Gˆ(E) − Gˆ0(E)
]}
connected
,
here the index I means “interaction”. On the other hand, from the pure statistical point of view,
(24)ρI
(
P 2,V · P,V 2)= ρ − ρ0,
ρ being the full density of states of the system under consideration and ρ0 the density of states in the free configuration, explicitly
(25)ρ0 =
∞∑
V
μPμδ
(
P 2 − k2m2).k=1
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(26)ρ(P 2,V · P,V 2)= VμPμρ(√P 2 ).
The above condition is important. This means that the cluster counting ρ(P 2,V · P,V 2) in the rest frame of the system can be
reexpressed by the counting of states for a single particle of the ρ(m) mass degeneracy moving in the volume V . Now, since the
mathematical mapping between the microcanonical and canonical ensembles is easy to see, the Ω(E,V ) we looking for is
(27)lnΩ(E,V ) = lnΩ0(E,V ) + Tr
∫
d4P
{−1
π
δ3
(
P¯ − ˆ¯P )Im[Gˆ(E) − Gˆ0(E)]
}
connected
.
Notice that in order to obtain the above result, the main difference of our procedure with the procedure given in Refs. [12,18] for
the canonical ensemble is that we take as a starting point the propagator operator Eq. (16), with its statistical part. Considering
that the imaginary part Im[Gˆ(E) − Gˆ0(E)] is the connected part of the full statistical propagator Gˆ(E), it corresponds in the
microcanonical field formulation to the physical component Δ11E (k) Eq. (14), which leads to an analog expression like (27), we can
easily seen from the comparison between the propagator, Eq. (16), with expressions, Eqs. (23)–(26), yielding the level density of
states ρI that the interactions between particles in the system (dynamical information from the connected part of the propagator (16))
are automatically translated into variation of the energy (mass) levels in the statistical ensemble (given by ρ(m) and the statistical
information of the propagator (16)). That is, the study of any simple interactions between particles is equivalent to that of the
thermodynamical properties of the statistical ensemble of such particles as a whole.
4. The Nambu–Goto action and the microcanonical propagator
It is difficult to study this system in the Hamiltonian framework because of the constraints and the vanishing of the Hamiltonian.
As is known, the Nambu–Goto action is invariant under the reparametrizations
τ → τ˜ = f1(τ, σ ), σ → σ˜ = f2(τ, σ ),
then we can make the following choice for the dynamic variable x0 and the space variable x1, as first proposed by B. Barbashov
and N. Chernikov in Ref. [13], which do not restricts the essential physics and simplifies considerably the dynamics of the system
x0(τ, σ ) ≡ x0(τ ), x1(τ, σ ) ≡ κσ (κ = const)
for this, it is sufficient to use the chain rule of derivatives and to write the action in the form
S = − κ
α′
τ2∫
τ1
x˙0 dσ dτ
√[
1 − (∂0xb)2
][
1 + (∂1xa)2
]
, a, b = 2,3, ∂1xa = ε1a0b∂0xb,
where in order to simplify at maximum this action we choose an orthonormal frame. (Thus, we pass from the Nambu–Goto action
to the Born–Infeld representation.)
Therefore, the invariance with respect to the invariance of the coordinate evolution parameter means that one of the dynamic
variables of the theory (x0(τ ) in this case) becomes the observed time with the corresponding non-zero Hamiltonian
(28)HBI = Πax˙a − L =
√
α2 − ΠbΠb,
where
Πb = ∂L
∂(∂0xb)
, α ≡ κ
√
1 + (∂1xa)2
α′
.
Now in order to find the free propagator from the NG Hamiltonian we proceed as follows.
From the simplest quantum path-integral formalism, we have
K(q ′, t, q,0) ≡ 〈q ′|(eHε)N |q〉 = 〈q ′∣∣Ψ (r, s, t, . . .)〉,
where K(q ′, t, q,0) is the propagator, H is the Hamiltonian of the theory t is the time that was fractionated in small lapses
t = Nε and q, q ′, and Ψ (r, s, . . .) are the physical states with r, s, . . . quantum numbers. With the usual path integral operations and
introducing the integral representation for a pseudodifferential operator [14]∫ (
t2 + u2)−λeitx dt = 2π1/2
(λ)
( |x|
2u
)λ−1/2
Kλ−1/2
(
u|x|),
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Kqj ,qj+1 = δqj ,qj+1 − iε
[
4α
K−1(α|qj − qj+1|)
|qj − qj+1|
]
.
Putting on all the sub-interval propagators together, we obtain the full propagator
K = δqN ,q0 − iNε
[
4α
K−1(α|qN − q0|)
|qN − q0|
]
.
Making, without loss of generality, the transformation −it → −β , q0 = qN integrating and Fourier transforming to momentum
space, yields the canonical partition function Zc
Zc =
∑
N
{
1 − β
[
4α
K−1(α|qN − q0|)
|qN − q0|
]}
=
∑
N
exp
{
−β
[
4α
K−1(α|qN − q0|)
|qN − q0|
]}
.
The microcanonical partition function Ωm is obtained as the inverse Laplace transform of the last expression:
Ωm = δ(E)−
∞∑
N=1
∑
p¯1
∞∑
n1=1
· · ·
∑
p¯N
∞∑
nn=1
[
4α
K−1(α|∑nj εj − E|)
E2
1
n1n2 · · ·nN
]
,
where the factor 1
n1n2···nN allows one to eliminate the overcounting, and
∑
nj εj = EN .
The free microcanonical propagator for the N -extended body system can be consistently formulated using the relation (valid for
free fields) between time ordered products and normal products
−iT [ϕ(x)ϕ(0)]= DF (x) − i:ϕ(x)ϕ(0):,
where T is the temperature of the thermal bath, DF (x) = −i〈J |ϕ(x)ϕ(0)|J 〉 is the ordinary Feynman propagator with the expec-
tation value evaluated in the basic states of our system (i.e., for zero temperature)
|J 〉 =
[∏
k,m
∑
nk,m
]∏
k,m
|nk,m〉 ⊗ |n˜k,m〉.
Since the relation between microcanonical–canonical formulations is via a Laplace transform, it is reasonable to perform the
following mapping:
(29)
∞∫
0
dE′ ΩE−E′DE′ = DFΩE − i
∞∑
N=1
∑
p¯1
∞∑
n1=1
· · ·
∑
p¯N
∞∑
nn=1
[
4α
K−1(α|∑nj εj − E|)
E2
1
n1n2 · · ·nN
]
〈J |:ϕ(x)ϕ(0):|E〉,
where we defined the microcanonical state as
|E〉 = 1
ΩE
∞∫
0
dE′ ΩE−E′L−1E′
[ |β〉],
L−1 being the inverse Laplace transform and DE′ being the microcanonical propagator. The matrix element for the most general
states in our system is
〈J |:ϕ(x)ϕ(0):|E〉 = 1
ΩE
ΩE−E′
∑
p¯
[
n
εpV
cos(p¯ · x¯ − εpt)
]
.
By inserting this expression in the definition of the microcanonical propagator DE′ (29) given above and converting the momentum
sum into an integral, we have
DE(t, x¯) = δ(E)DF − 4iα
∫
d3p
(2π)3εj
∞∑
n=1
K−1(α|nj εj − E|)
E2
Ω(E − njεj )
Ω(E)
cos(p¯ · x¯ − εj t).
Finally, Fourier transform to momentum representation gives
(30)DE(t, x¯) = δ(E)
ω2 − k2 − m2 + iε − 8πiαδ
(
ω2 − k2 − m2) ∞∑
l=1
K−1(α|lωk − E|)
E2
Ω(E − lωk)
Ω(E)
θ(E − lωk),
where θ(x) is the usual step function. The first term in the microcanonical propagator is the usual (non-thermal) Feynman propaga-
tor, the second one is the new microcanonical statistical part. This part is crucial for the correct description of the full N -extended
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propagator
8πiαδ
(
ω2 − k2 − m2)M/ωk∑
l=1
[
ln
(
γeα|lωk − E|
2
)
α|lωk − E|
2
∞∑
s=0
(α|lωk − E|/2)2s
s(s + 2)
− 1
2
∞∑
s=0
(α|lωk − E|/2)2s+1
s!(s)
(
s∑
h=1
1
h
+
s+1∑
h=1
1
h
)
+ α|lωk − E|
4
]
θ(E − lωk)
E2
Ω(E − lωk)
Ω(E)
and expressing it as a function of the mass, (M) being the energy E of the extended-bodies (strings) in our system (E = M ≡ total
mass of the system)
8πiαδ
(
ω2 − k2 − m2)M/ωk∑
l=1
[
ln
(
γeα|lωk − M|
2
)
α|lωk − M|
2
∞∑
s=0
(α|lωk − M|/2)2s
s(s + 2)
− 1
2
∞∑
s=0
(α|lωk − M|/2)2s+1
s!(s)
(
s∑
h=1
1
h
+
s+1∑
h=1
1
h
)
+ α|lωk − M|
4
]
θ(M − lωk)
M2
Ω(M − lωk)
Ω(M)
.
We see that when M → 0 this expression yields the pure string-like behaviour (gamma type string-amplitude). Notice that previ-
ously [15,16] the relation between the Feynman propagator and the Veneziano amplitude was put “by hand”. We see that this type
of structure coming from the statistical microcanonical part is contained in our microcanonical propagator, Eq. (30). It should be
noted that the relation between temporal and normal ordering of the field operators contributes to the statistical part of this full
propagator. These implications will be discussed everywhere [17], where we will focus on some concrete problems (arrow of time,
the early universe, etc.).
It is interesting to note that the main difference between our microcanonical propagator, Eq. (30), and the Δ11 of the previous
section is in that the propagator, Eq. (30), includes all nonlocal effects: from the n-bodies of the system as extended objects (i.e.,
strings) and from the derivation of this propagator from a theory with a Hamiltonian not quadratic in momenta as in the Nambu–
Goto formulation of the string theory. For instance, the propagator, Eq. (30), becomes the propagator, Eq. (14), when the extended
bodies (e.g., strings) became point-particles and the Hamiltonian is quadratic in momenta (constrained particle Hamiltonian).
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